Abstract. The derivation relations for multiple zeta values is proved by Ihara, Kaneko and Zagier. We prove its counterpart for finite multiple zeta values.
Introduction
For integers k 1 , . . . , k d ∈ Z ≥1 with k 1 ≥ 2, the multiple zeta value (MZV) is defined by
To describe the derivation relations for MZVs, we use the algebraic setup introduced by M. Hoffman [1] . Let H = Q x, y be the noncommutative polynomial ring in two indeterminates x, y and H 1 and H 0 its subrings Q + Hy and Q + xHy. We set z k = x k−1 y (k ∈ Z ≥1 ). Then H 1 is freely generated by {z k } k≥1 . For any word w, let |w| be the total degree. We define the Q-linear map Z : H 0 → R by Z (1) := 1 and Z (z k 1 · · · z k d ) := ζ(k 1 , . . . , k d ), and the harmonic product * on H 1 inductively by 1 * w = w * 1 = w, z k w 1 * z l w 2 = z k (w 1 * z l w 2 ) + z l (z k w 1 * w 2 ) + z k+l (w 1 * w 2 ) (k, l ∈ Z ≥1 and w, w 1 , w 2 are words in H 1 ), together with Q-bilinearity. The harmonic product * is commutative and associative, therefore H 1 is Q-commutative algebra with respect to * . The subset H 0 is a subalgebra of H 1 with respect to * . A derivation ∂ on H is a Q-linear endomorphism of H satisfying Leibniz's rule ∂(ww ′ ) = ∂(w)w ′ + w∂(w ′ ). Such a derivation is uniquely determined by its images of generators x and y. Set z := x + y. For each l ≥ 1, the derivation ∂ l : H → H is defined by ∂ l (x) := xz l−1 y and ∂ l (y) := −xz l−1 y. We note that ∂ l (1) = 0 and ∂ l (z) = 0. In [3] , K. Ihara, M. Kaneko and D. Zagier proved the derivation relations for MZVs.
In this paper, we prove its counterpart for what we call 'finite multiple zeta values', a generic term for A-finite multiple zeta values and symmetrized multiple zeta values, which we now explain.
We consider the collection of truncated sums
ulo all primes p in the quotient ring A = ( p Z/pZ)/( p Z/pZ), which is a Q-algebra. Elements of A are represented by (a p ) p , where a p ∈ Z/pZ, and two elements (a p ) p and (b p ) p are identified if and only if a p = b p for all but finitely many primes p.
We denote by Z A the Q-vector subspace of A spanned by 1 and all A-finite multiple zeta values. It is known that this is also a Q-algebra.
The symmetrized multiple zeta values or finite real multiple zeta values, which were first introduced by Kaneko-Zagier [5, 6] , are defined for any positive integers k 1 , . . . , k d as follows:
Here, the symbols ζ * and ζ X on the right-hand sides stand for the regularized values coming from harmonic and shuffle regularizations respectively, i.e., real values obtained by taking constant terms of harmonic and shuffle regularizations as explained in [3] . In the sums, we understand ζ * (∅) = ζ X (∅) = 1. Let Z R be the Q-vector subspace of R spanned by 1 and all MZVs. It is known that this is a Q-algebra. In [5, 6] , Kaneko and Zagier proved that the difference ζ * (2)) holds in Z R . They then defined the symmetrized multiple zeta value (SMZV) ζ S (k 1 , . . . , k d ) as an element in the quotient ring Z R /ζ(2) by Conjecture 1 (Kaneko-Zagier). There exists an algebra isomorphism φ between Z A and Z R /ζ(2) such that φ :
We define two Q-linear maps Z A : H 1 → A and Z S :
We finish this section by mentioning the harmonic product rule and the duality theorem for FMZVs. The former is due to Hoffman [1] for A-FMZVs, and Kaneko and Zagier [5, 6] for SMZVs. We use these results in the proof of our main theorem.
Theorem 1.2 (Hoffman, Kaneko-Zagier). For any words w, w
′ ∈ H 1 , we have
where the symbol 'F ' stands either for 'A' or 'S'.
The duality theorems for A-finite and symmetrized versions are proved by Hoffman [2] and D. Jarossay [4] , respectively. Theorem 1.3 (Hoffman, Jarossay). Let φ be an automorphism on H defined by
Main theorems
Kojiro Oyama conjectured the following derivation relations for FMZVs.
Oyama proved this for l ≤ 4 and Mitsuki Kosaki extended the proof further to l ≤ 6. The aim of this paper is to prove this conjecture for all l. Actually, we prove the identity in the following form, which looks more general than the conjecture but in fact is equivalent to the conjecture. The proof of Theorem 2.1 will be given in the next section.
When s = 0, we understand z m 1 −1 y · · · z ms−1 y = 1 on the left, and the right-hand side is −Z F (z l−1 yw), which yield Conjecture 2.
Remark 2.2. We see Conjecture 2 implies Theorem 2.1 by putting z m 1 −1 y · · · z ms−1 yw for w in eq.(1), because
by the definition of ∂ l (note ∂ l (z) = 0), and
Example 2.3. When l = 3 and w = xy in Conjecture 2, we have
Since
Example 2.4. The case s = 2 in Theorem 2.1 gives
When m 1 = 2, m 2 = 1, l = 2 and w = y, we get
Let S n be the symmetric group of order n, which acts on any index a = (a 1 , . . . , a n ) by σ(a) = (a σ(1) , . . . , a σ(n)
n be the subset of S n given by
Under these notations, we have the following theorem, which is in fact an almost immediate consequence of Theorem 2.1. The proof will also be given in the next section.
Here, we set u 
By putting m 1 = 2, l 1 = 2, l 2 = 1 and w = y, we get 
. We note here that eq.(2) is equivalent to Theorem 2.5. Assume that Theorem 2.5 holds, we see by
Conversely, assume that eq. (2) holds. Since
(the second equality is an identity of formal sums of indices) we have
where s ′′ is the depth of m ′′ and a ′′ = (a
Before closing this section, we mention the maximal number of linearly independent relations supplied by Conjecture 2. In Table 1 , the first line means the weight of FMZVs (we call
The second line gives the number of linearly independent elements in H among all ∂ l (w) + z l−1 yw with l ∈ Z ≥1 and w ∈ H 1 varying under the condition l + |w| = weight. Computations are performed by Mathematica. The interesting fact is that the number of independent relations of derivation relations in Table 1 coincides with that of the original derivation relations in Table 2 , except that the weight is shifted by one. The reason for this coincidence is seen as follows. Write an element
, the original derivation relations Z (∂ l (w)) = 0 can be written as We prove Theorem 2.1 by induction on n = |w|. (I) When n = 0, i.e., w = 1, we need to show
for every s ≥ 0. When s = 0, by Theorem 1.3, we have
Here, we note that ζ F (l) = 0 for any l ∈ Z ≥1 . When s ≥ 1, by Theorem 1.2 and Theorem 1.3,
(II) We assume the identity holds for |w| = 0, . . . , n − 1 and for every s ≥ 0. Suppose w is of degree n. We may assume that w is of the form w = z r−1 yw ′ with 1 ≤ r ≤ n, w ′ ∈ H 1 , by replacing x r−1 y by (z − y) r−1 y if w starts with x r−1 y.
By the induction hypothesis, we have
and hence the identity holds for n and by induction, the proof is done. Now, we prove Theorem 2.5 by induction on t. We have proved the case t = 1. We assume the identity holds when the number of derivations on the left is less than t. Then, we find the identity holds for t.
